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Singular integral equationsA distributed dislocation dipole technique for the analysis of multiple straight, kinked and branched
cracks in an elastic half plane has been developed. The dipole density distribution is represented with
a weighted Jacobi polynomial expansion where the weight function captures the asymptotic behaviour
at each end of the crack. To allow for opening and sliding at crack kinking and branching the dipole den-
sity representation contains conditional extra terms which fulﬁlls the asymptotic behaviour at each end-
point. Several test cases involving straight, kinked and branched cracks have been analysed, and the
results suggest that the accuracy of the method is within 1% provided that Jacobi polynomial expansions
up to at least the sixth order are used. Adopting even higher order Jacobi polynomials yields improved
accuracy. The method is compared to a simpliﬁed procedure suggested in the literature where stress sin-
gularities associated with corners at kinking or branching are neglected in the representation for the
dipole density distribution. The comparison suggests that both procedures work, but that the current pro-
cedure is superior, in as much as the same accuracy is reached using substantially lower order polynomial
expansions.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
In many fatigue and fracture assessment cases, particularly
early stages of fatigue, defects and cracks are small compared to
other dimensions of the body. When fatigue is an issue it is also
well known that initiation and incipient growth of short cracks
dominates the total life of the structure. In such cases it is unnec-
essary to solve for the stress and strain state in the entire domain,
except for a small neighbourhood adjacent to the crack or defect.
Hence, the Finite Element Method (FEM) is not ideally suited for
such situations. Due to the relatively low level of loading required
to initiate and propagate cracks it is also evident that the body will
mainly behave linear elastic. This is particularly so in case of Very
High Cycle Fatigue (VHCF) (Bathias, 1999). Taking these facts into
consideration, the problem is thus ideally suited to be treated by
some Boundary Element Method (BEM) approach. However the
presence of cracks inﬂicts some difﬁculties in traditional BEM(Cruse, 1988) based on inﬁnite plane fundamental solutions for
the displacements, since the upper and lower crack surfaces of a
crack coincide, leading to identical equations for collocation points
taken on opposite positions along the crack. The so called Dual
Boundary Element Method (DBEM, see Portela et al., 1992; Mi,
1996), where Traction Boundary Integral Equations (BIE’s) are used
in combination with Displacement BIE’s along the crack, has been
used to circumvent this anomality, but there are other alternatives.
One alternative is the Distributed Dislocation Technique (DDT)
where the derivative of the relative opening and sliding displace-
ments of the crack surfaces are represented by distributions of dis-
locations (Bilby and Eshelby, 1968), or the Distributed Dislocation
Dipole Technique (DDDT) where the opening and sliding displace-
ments are represented by dislocation dipoles (Korsunsky and Hills,
1995). Both methods are described in detail in Hills et al. (1996).
Yet another, but related technique, is the Displacement Disconti-
nuity Method (DDM) originally developed by Crouch (1976). This
technique is based on the stresses and displacements that results
at a point due to constant displacement discontinuities over a
ﬁnite length line segment in the body. This technique has been fur-
ther improved by introducing line segments with higher order
variations of the displacement discontinuities (Shou and Crouch,
Fig. 1. Multiple straight, kinked and branched edge or internal cracks in a half
plane.
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methods are usually adapted, by use of weight functions or by spe-
cial interpolation formulas for the crack tip elements, to capture
the square root singular behaviour of the stresses at the tip of a
crack. By doing so, the analyses of stress intensity factors for
straight cracks (single or multiple) are most often proven to be
very efﬁcient and accurate.
Of special interrest here is therefore the analysis of stress inten-
sity factors in cases of kinked and/or branched cracks. If the kink or
branch is disposed in such a way that an inward-bounded corner is
formed in the material the stress state becomes singular, whereof
the symmetric part possess the strongest singularity, while the
asymmetric part exhibits a weaker singularity. Most often, how-
ever, the stress singularity associated with crack kinking is
neglected in the formulation of kinked (or branched) crack prob-
lems. Zang and Gudmundson (1988) adopts the DDT for the part
of the BIE’s taken along the cracks and argue that the strongest
stress singularity should be used to represent the asymptotic
behaviour at a kink. In their benchmark analysis, however, they
assume regular kink behaviour. Regular behaviour at crack kinking
is also assumed in the BEM developed by Wang and Chau (1997),
in the DDDT developed by Denda and Dong (1999) and in Marji
and Dehghani (2010) who used a higher order DDM for the analy-
ses of kinked cracks. At the other extreme the stress singularity at
crack kinking is taken into consideration by assigning an overse-
vere, crack tip singularity, at the kink. This approach was taken
in the DDT developed by Yingzhi and Hills (1990). A DDT account-
ing for both the asymmetric and symmetric singularity at crack
kinking was presented by Burton and Phoenix (2000), and was fur-
ther reﬁned by Yavuz et al. (2006). Their method enables accurate
determination of both the stress intensity factors as well as the
strength of the singularities at crack kinking. In both studies the
ableness of the method was demonstrated on single, or multiple,
kinked or branched cracks in an inﬁnite plane. Apart from edge
cracks, branched cracks with singular behaviour at the branch
were also excluded in their sample calculations.
While several investigators have been devoted to the develop-
ment of the DDT to analyse kinked and branched cracks, less efforts
have been made to apply the DDDT. A direct comparison between
the twomethods by Hills et al. (1996), on straight edge and interior
cracks in a half plane, reveals that the DDDT requires less degrees
of freedom in comparison to the DDT in order to obtain the same
accuracy. This is particularly pronounced for edge cracks, since
the DDDT does not inﬂict any artiﬁcial constraints on the behav-
iour at the crack mouth as opposed to the DDT. Hence convergence
is accelerated with the DDDT in those cases.
Encouraged by these facts the DDDT is adopted in this develop-
ment. The development is carried out for 2D, but the method is in
principal applicable in 3D as well, albeit considerably more
involved. The aim of this document is to present the method in a
uniﬁed, but yet detailed and comprehensive, manner covering all
possible situations within the scope of the title of the document.
Possible contact between the crack surfaces is however disre-
garded, whence the method applies only for cracks that stay fully
open. Care is taken to account for the singular behaviour of the
stress ﬁeld at crack kinking and branching, and to assess the accu-
racy and efﬁciency of the procedure as compared to the simpliﬁed
approach where stress singularities at crack kinking/branching is
neglected, such as in procedures developed by Denda and Dong
(1999) among others. As proposed by Zang and Gudmundson
(1988) the stress singularity at crack kinking is here assumed to
be completely governed by the strongest singularity at the kink,
which of course is an approximation to the exact nature of the sin-
gularity at a corner. The herein presented method could be
extended to the analysis of ﬁnite two dimensional bodies by using
techniques similar to that presented in Dai (2002).1.1. Problem deﬁnition
Multiple surface or interior cracks close, or remote, to a free sur-
face of an inﬁnite half plane are considered. The cracks may either
be straight or possess multiple kinks and/or branches. The number
of straight crack segments, either in the form of straight cracks, or
as a part of kinked and/or branched cracks, are denoted by N. The
inclination angle of each straight crack segment referred to the
positive x1-axis is denoted by hi, where i denotes the segment num-
ber (see Fig. 1). The center point of each crack segment referred to
the global ðx1; x2Þ system is denoted by ðcðiÞ1 ; cðiÞ2 Þ. This report focuses
on the evaluation of the stress intensity factors at each crack tip. A
brief description on how to evaluate the stress state at an arbitrary
location in the body will also be given.2. Method
The numerical procedure is based on the fact that the stress
intensity factors due to a remotely applied stress ﬁeld can be com-
puted by applying equivalent stresses acting on the crack surfaces
in an identical but otherwise unloaded body. This principle is
known as Bueckner’s principle (Bueckner, 1958) which states that
the equivalent stresses are the opposite to the stresses that act
along cutting planes (coincident to crack segments in the cracked
body) in the equivalent uncracked body subjected to the remote
stress ﬁeld in question. The cracks will respond to the applied
stresses by opening and sliding displacements between the oppos-
ing crack surfaces. These displacements are represented by
unknown distributions of dislocation dipole densities along each
crack segment. The unknown coefﬁcients of the distributions are
determined by requiring that the stress state along the crack seg-
ments should be fulﬁlled. The stress conditions are enforced at cer-
tain points (collocation points), which results in two coupled
integral equations for each component of stress at each collocation
point. In addition to the collocation equations there are also certain
continuity equations that have to be fulﬁlled at crack kinking and
branching. By choosing an appropriate number of collocation
points, the collocation integral equations and the continuity con-
straints results in a linear equation system which could be solved
to obtain the unknown dislocation dipole density distribution.
Once the dislocation dipole density distribution is known the stress
intensity factors, and the stress state at any point in the body,
could be evaluated.
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An inﬁnitesimal dipole consists of two dislocations of opposite
signs located an inﬁnitesimal distance apart. Two dislocation
dipoles, b11 and b21, corresponds to opening and sliding across
the x2 axis while the other two, b22 and b12, corresponds to opening
and sliding across the x1 axis, see Fig. 2(a). The stresses due to an
arbitrary inﬁnitesimal dislocation dipole could generally be
expressed as Hills et al. (1996)
drij ¼ 2lpðjþ 1ÞdbklL
kl
ij ð1Þ
where Lijkl are dipole inﬂuence functions which depends on the
geometry of the body, l is the shear modulus and j ¼ 3 4m for
plane strain or j ¼ ð3 mÞ=ð1þ mÞ for plane stress. Note that super-
scripts are used to simplify notation, and not to indicate contravari-
ant tensor components. A dislocation dipole equals the magnitude
of the burgers vector of the dislocations times the distance between
them. The dislocation dipole densities
Bk1 ¼ dbk1dn2
ð2Þ
and
Bk2 ¼ dbk2dn1
ð3Þ
are therefore equivalent to the opening and sliding of the material
across the coordinate axis x2 and x1, respectively. In this report
we consider cracks in an elastic half plane. Consider therefore a gen-
eral inﬁnitesimal dislocation dipole situated at ðn1; n2Þ, referred to a
cartesian coordinate system ðx1; x2Þ, deﬁned so that x1 ¼ 0 at the
free surface (see Fig. 2(b)). The Lijkl is preferably divided into two
parts according to
Lklij ¼ bLklij þ Lklij ð4Þ
where bLklij and Lklij are referred to as the singular and the regular part
of Lklij , respectively, due to reasons which will be obvious in later sec-
tions. The components for the singular and regular parts could be
found in Hills et al. (1996). The singular part is a function of x^1
and x^2, i.e.Fig. 2. (a) Dislocation dipoles and (b) a generalbLklij ¼ bLklij ðx^1; x^2Þ ð5Þ
while the regular part is a function of x1; x2 and n1, so that
Lklij ¼ Lklij ðx1; x2; n1Þ ð6Þ2.2. Collocation integral equations
Suppose that the stress state is known for the equivalent
uncracked body. For each crack p, with half cracklength ap, a local
coordinate system (xðpÞ1 ; x
ðpÞ
2 ) is introduced at the center point of the
crack (cðpÞ1 ; c
ðpÞ
2 ), referred to the global (x1; x2) system, so that the
local xðpÞ1 -axis is collinear with the crack. The normal and shear
stresses acting along crack p could then be expressed as
r22ðpÞðxðpÞ1 Þ ¼ ~r22ðpÞðxðpÞ1 Þ
r21ðpÞðxðpÞ1 Þ ¼ ~r21ðpÞðxðpÞ1 Þ
ð7Þ
where ~r22ðpÞðxðpÞ1 Þ and ~r21ðpÞðxðpÞ1 Þ are the stresses acting along the
crack segment in the uncracked body. Subscript ijðpÞ is here used
to indicate that a tensor component (ij) refers to the local coordi-
nate system at crack segment p. To keep things simple two cracks
(q and p) are shown (see Fig. 3) in a body possibly containing many
additional cracks (or crack segments). For each crack, say (q), dislo-
cation dipoles corresponding to opening and sliding across the local
coordinate axis nðqÞ1 are distributed. Due to Eq. (3) the relevant dis-
location dipole components could be expressed as
dbk2ðqÞðnðqÞ1 Þ ¼ Bk2ðqÞðnðqÞ1 ÞdnðqÞ1 ; k ¼ 1;2 ð8Þ
In order to apply Eq. (1), however, the local dislocation dipoles
must be transformed to the global system. The inﬁnitesimal dislo-
cation dipole is a second rank tensor which transforms according
to
dbkl ¼ dbmnðqÞ @x
ðqÞ
m
@xk
@xðqÞn
@xl
ð9Þ
Adopting the following notation
aðqÞmk ¼
@xðqÞm
@xk
ð10Þdislocation dipole in an inﬁnite half plane.
Fig. 3. Two cracks in an inﬁnite half plane.
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aðqÞ ¼ cos hq sin hq sin hq cos hq
 
ð11Þ
Using this notation Eq. (9) reads as
dbkl ¼ dbmnðqÞaðqÞmkaðqÞnl ð12Þ
The stresses, referred to the global coordinate system, induced
at any point on an arbitrary crack p (including q ¼ p), given by
the coordinate xðpÞ1 , due to the integrated effect from all distributed
dislocation dipoles (i.e for all crack segments q), could by aid of Eqs.
(1), (8) and (12), be expressed as
rijðxðpÞ1 Þ ¼
2l
pðjþ 1Þ
XN
q¼1
Z aq
aq
Bm2ðnðqÞ1 ÞaðqÞmkaðqÞ2l Lklij ðxðpÞ1 ; nðqÞ1 ÞdnðqÞ1 ð13Þ
where p ¼ 1; . . .N and N is the total number of crack segments in
the body. In order to apply the stress condition in Eq. (7), however,
the stresses needs to be transformed to the local coordinate system
at crack p. Since the inverse of aðqÞ is equal to the transpose of aðqÞ,
the stresses transforms as
rrsðpÞ ¼ aðpÞri aðpÞsj rij ð14Þ
Inserting these transformations into Eq. (13), and invoking the
stress condition in Eq. (7), gives the following expressions
 ~r22ðpÞðxðpÞ1 Þ ¼
2l
pðjþ 1Þ
XN
q¼1
Z aq
aq
Bm2ðqÞðnðqÞ1 ÞaðpÞ2i aðpÞ2j aðqÞmkaðqÞ2l Lklij ðxðpÞ1 ; nðqÞ1 ÞdnðqÞ1
 ~r21ðpÞðxðpÞ1 Þ ¼
2l
pðjþ 1Þ
XN
q¼1
Z aq
aq
Bm2ðqÞðnðqÞ1 ÞaðpÞ2i aðpÞ1j aðqÞmkaðqÞ2l Lklij ðxðpÞ1 ; nðqÞ1 ÞdnðqÞ1
ð15Þ
where p ¼ 1; . . .N. Introducing
Lm2ðqÞ2gðpÞ ¼ aðpÞ2i aðpÞgj aðqÞmkaðqÞ2l Lklij ð16Þ
where Lm2ðqÞ2gðpÞ are dipole inﬂuence functions that relates the normal
and shear stress components at xðpÞ1 at crack p in the x
ðpÞ
1 ; x
ðpÞ
2 coor-
dinate system to the relevant dislocation dipole density compo-
nents at nðqÞ1 at crack q, expressed in the x
ðqÞ
1 ; x
ðqÞ
2 coordinate
system. A detailed description of the transformation process is
outlined in Appendix A. Using the above notation, Eqs. (15) could
be expressed in compact form as
~r2gðpÞðxðpÞ1 Þ ¼
2l
pðjþ 1Þ
XN
q¼1
Z aq
aq
Bm2ðqÞðnðqÞ1 ÞLm2ðqÞ2gðpÞ ðxðpÞ1 ; nðqÞ1 ÞdnðqÞ1 ð17Þwhere p ¼ 1; . . .N; g ¼ 1;2 and summation over repeated indices of
m ¼ 1;2 is understood.
The parameters needed to compute the components of the
inﬂuence function in the above expression (see Eqs. (5) and (6))
are derived from cðpÞ1 ; c
ðpÞ
2 ; c
ðqÞ
1 ; c
ðqÞ
2 ; x
ðpÞ
1 and n
ðqÞ
1 in the following
way:
x^1 ¼ cðpÞ1 þ xðpÞ1 cos hp  n1
x^2 ¼ cðpÞ2 þ xðpÞ1 sin hp  n2
ð18Þ
where
n1 ¼ cðqÞ1 þ nðqÞ1 cos hq
n2 ¼ cðqÞ2 þ nðqÞ1 sin hq
ð19Þ
and
x1 ¼ 2n1 þ x^1
x2 ¼ x^2
ð20Þ2.3. Scaling
In order to apply numerical integration techniques to solve the
integral equation (Eq. (17)), it is convenient to introduce the fol-
lowing scalings
s ¼ n
ðqÞ
1
aq
t ¼ x
ðpÞ
1
ap
ð21Þ
so that 1 < s < 1 and 1 < t < 1. for the special case when q ¼ p
the L^ part of L equals
L^m2ðpÞ2gðpÞ ðxðpÞ1 ; nðpÞ1 Þ ¼ L^m2ðpÞ2gðpÞ ðt; sÞ ¼
dgm
a2pðs tÞ2
ð22Þ
so that the integral equation (Eq. (17)) could be written as
pðjþ 1Þ
2l
~r2gðpÞðtÞ ¼
XN
q¼1;q–p
aq
Z 1
1
Bm2ðqÞðsÞLm2ðqÞ2gðpÞ ðt; sÞds
þ 1
ap
Z 1
1
Bg2ðpÞðsÞ
ðs tÞ2
dsþ ap
Z 1
1
Bm2ðpÞðsÞLm2ðpÞ2gðpÞ ðt; sÞds
ð23Þ
where p ¼ 1; . . .N and g ¼ 1;2. When s approaches t it is seen that
the integrand of the third term approaches inﬁnity. The L^ is hence
referred to as the singular part of L, while L is referred to as the reg-
ular part of L. In this case the singular part possess a hypersingular
behaviour, which requires special treatment outlined in Section 2.6.
2.4. Corner elasticity
The stress state in the vicinity of a corner in an elastic body
could be brieﬂy expressed as Williams (1952).
rij ¼
X1
n¼1
rk
ð1Þ
n 1Cn1R
ð1Þ
n;ijð/Þ þ
X1
n¼1
rk
ð2Þ
n 1Cn2R
ð2Þ
n;ijð/Þ ð24Þ
where r and / are the coordinates of a polar coordinate system cen-
tered at the tip of the corner and Dh is the angle occupied by the
elastic material. The functions Rð1Þn;ijð/Þ and Rð2Þn;ijð/Þ corresponds to
symmetric and asymmetric stress ﬁelds, respectively, with respect
to the symmetry plane of the corner where / ¼ 0. The eigenvalues
corresponding to the symmetric and asymmetric modes are gov-
erned by
Fig. 4. End point singularities for a kinked and branched crack.
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 kð2Þ sinDhþ sin kð2ÞDh ¼ 0
ð25Þ
The requirement that the strain energy must be bounded at the
corner implies that only solutions for k greater than 0.5 are of
interrest. Solving the above equations gives that the smallest val-
ues of interrest 0:5 6 kð1Þ1 6 1 for p 6 Dh 6 2p and 0:5 6 k
ð2Þ
1 6 1
for 1:43p 6 Dh 6 2p, where kð1Þ1 < k
ð2Þ
1 , except for a crack
(Dh ¼ 2p) where both kð1Þ1 ¼ kð2Þ1 ¼ 0:5. Hence, for a corner, the sin-
gularity associated with the symmetric part is stronger than the
singularity governing the asymmetric part. For 0 6 Dh 6 p both k
are equal or greater than one so that the stress state is always reg-
ular. In this work the asymptotic behaviour of the stresses at crack
kinking or branching is assumed to behave according to the most
singular part, i.e.
rij  rk
ð1Þ
1 1 ð26Þ
whenever there is a corner angle such that Dh[p at the kink or
branch. This implies that the displacements along the free edges
of the corner are assumed to behave as
ui  rk
ð1Þ
1 ð27Þ
as r ! 0. This expression is used to specify the asymptotic behav-
iour of the crack opening and sliding displacements (and hence
the dipole densities) close to an end point of a crack segment joined
to another crack segment, at a kink or a branch, or terminating as a
crack tip. This yields an exact representation for crack tips, but gen-
erally only an approximate treatment of the state at crack kinking.
This is considered appropriate as long as the aim of the analysis is to
compute the stress intensity factors, and not the details of the solu-
tion close to a kink or a branch forming a re-entrant corner into the
material.
2.5. Dipole density representation
In order to solve for the dipole density distribution, the distribu-
tion has to be expressed in some suitable functional form. To cap-
ture arbitrary singular behaviour at each end point the dipole
density distribution for any crack (q) is expressed by aid of a
weight function wðqÞðsÞ according to
Bm2ðqÞðsÞ ¼ wðqÞðsÞ/ðqÞm2ðsÞ þ BðqÞm2;þ1
1
2c
ðqÞ
ð1þ sÞcðqÞ þ BðqÞm2;1
 1
2c
ðqÞ
þ
ð1 sÞcðqÞþ ð28Þ
where /ðqÞm2ðsÞ is a regular function and the weight function is
wðqÞðsÞ ¼ ð1 sÞcðqÞþ ð1þ sÞcðqÞ ð29Þ
The ﬁrst and second factors of the weight function should cor-
respond to the behaviour of the dipole density at the positive (cor-
responding to s ¼ þ1) and the negative (corresponding to s ¼ 1)
end point, respectively, of the crack segment. The second and third
terms in Eq. (28) are incorporated to account for opening and slid-
ing of crack segment end points joined to a kink or branch. These
extra terms are tailored to capture the asymptotic behaviour at
the other end point of the crack segment, away from the kink or
branch. For a kinked or branched crack the material locally
bounded by two crack segments may occupy an angle Dh > p, in
which case the end points of the crack segments involved behave
weakly singular. The singularity is here taken to be governed by
the smallest valid solution to the ﬁrst of Eqs. (25), implying that
cþ or c, depending on which side of the crack segment that is part
of the kink or branch, equals kð1Þ1 . If the angle (Dh 6 p) the exponent
(cþ or c) is set to zero to account for regular behaviour. This holdsalso for a crack reaching the free surface. If a crack segment end
point, due to either reason, behaves regularly the corresponding
extra term could be omitted. Practically this means that if cþ ¼ 0,
then Bm2;þ1 could be set to zero, and vice versa, since the regular
behaviour then is accounted for solely by the ﬁrst term of Eq.
(28). The Bm2;þ1 (or Bm2;1) term could also be omitted if the corre-
sponding end point of a crack segment ends as a crack tip, for
which the exponent equals 1/2, since the opening and sliding dis-
placements in such a case are zero. To sum up it is concluded that
Bm2;þ1 and Bm2;1 could be expressed as
BðqÞm2;þ1 ¼ BðqÞm2;þ1DðcðqÞþ Þ
BðqÞm2;1 ¼ BðqÞm2;1DðcðqÞ Þ
ð30Þ
where the function DðcÞ behaves as
DðcÞ ¼ 0 if c ¼ 0 _ c ¼ 1=2
1 otherwise

ð31Þ
An example of a branched crack is given in Fig. 4, where the
exponents associated with each crack segment end point are
indicated in the ﬁgure. For each crack segment q ¼ 1; . . .N the
regular function is expressed as a series of Np þ 1 Jacobi
polynomials with coefﬁcients cðqÞm2;n, where m ¼ 1;2 and
n ¼ 0;1; . . .Np, i.e.
/ðqÞm2ðsÞ ¼
XNp
n¼0
cðqÞm2;nP
cðqÞþ ;c
ðqÞ
n ðsÞ ð32Þ
where cðqÞþ and cðqÞ denotes the exponents applicable for crack seg-
ment q. In the continuation of this paper, however, the shorter
expression PðqÞn is used to denote P
cðqÞþ ;c
ðqÞ
n . Hence
Bm2ðqÞðsÞ ¼ ð1 sÞc
ðqÞ
þ ð1þ sÞcðqÞ
XNp
n¼0
cðqÞm2;nP
ðqÞ
n ðsÞþ
BðqÞm2;þ1DðcðqÞþ Þ
1
2c
ðqÞ
ð1þ sÞcðqÞ þ BðqÞm2;1DðcðqÞ Þ
1
2c
ðqÞ
þ
ð1 sÞcðqÞþ
ð33Þ
It is recognized that it would be possible to adopt different
numbers of Jacobi polynomials for different crack segments, but
here the same number of polynomials is used for all crack seg-
ments. Inserting the representation in Eq. (33) into the integral
Eq. (23) yields
pðjþ 1Þ
2l
~rðpÞ2g ðtÞ ¼
XN
q¼1;q–p
aq
XNp
n¼0
cðqÞm2;n
Z 1
1
ð1 sÞcðqÞþ ð1þ sÞcðqÞ PðqÞn ðsÞLm2ðqÞ2gðpÞ ðt; sÞdsþ
(
1
2c
ðqÞ
BðqÞm2;þ1DðcðqÞþ Þ
Z 1
1
ð1þ sÞcðqÞ Lm2ðqÞ2gðpÞ ðt; sÞds
þ 1
2c
ðqÞ
þ
BðqÞm2;1DðcðqÞ Þ
Z 1
1
ð1 sÞcðqÞþ Lm2ðqÞ2gðpÞ ðt; sÞds
)
þ
XNp
n¼0
cðpÞg2;n
ap
Z 1
1
ð1 sÞcðpÞþ ð1þ sÞcðpÞ PðpÞn ðsÞ
ðs tÞ2
dsþ
(
apc
ðpÞ
m2;n
Z 1
1
ð1 sÞcðpÞþ ð1þ sÞcðpÞ PðpÞn ðsÞLm2ðpÞ2gðpÞ ðt; sÞds

þ B
ðpÞ
m2;þ1DðcðpÞþ Þ
2c
ðpÞ
dmg
ap
Z 1
1
ð1þ sÞcðpÞ
ðs tÞ2
dsþ ap
Z 1
1
ð1þ sÞcðpÞ Lm2ðpÞ2gðpÞ ðt; sÞds
( )
þ B
ðpÞ
m2;1DðcðpÞ Þ
2c
ðpÞ
þ
dmg
ap
Z 1
1
ð1 sÞcðpÞþ
ðs tÞ2
dsþ ap
Z 1
1
ð1 sÞcðpÞþ Lm2ðpÞ2gðpÞ ðt; sÞds
( )
p ¼ 1; . . .N; g ¼ 1;2 ð34Þ
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unknown dipole densities cðqÞm2;n and the end point displacements
BðqÞm2;1 and B
ðqÞ
m2;þ1.
2.6. Computation of hypersingular integrals
The hypersingular integrals appearing in Eq. (34) should be
interpreted in the Hadamard principal value (HPV) sense, which
corresponds to the ﬁnite part of the hypersingular integral. Con-
sider ﬁrst the expression for the Cauchy principal value (CPV) of
the singular integral (Kaya and Erdogan, 1987)
ð1 sÞcþ ð1þ sÞcPcþ ;cn ðsÞ
ðs tÞ ds ¼ p cotðcþpÞð1 tÞ
cþ ð1þ tÞcPcþ ;cn ðtÞ
 2
cþþcCðcþÞCðnþ c þ 1Þ
Cðnþ cþ þ c þ 1Þ
F nþ 1;n cþ  c;1 cþ;
1 t
2
 
ð35Þ
where C denotes the gamma function, F is the hypergeometric func-
tion and Pcþ ;cn ðsÞ is the Jacobi polynomial of order n. The above rela-
tion is valid for cþ; c > 1 and cþ – 0;1;2; . . .. The Hadamard
principal value of the hypersingular integral could be obtained by
differentiating the Cauchy principal value of the corresponding sin-
gular integral (Kaya and Erdogan, 1987), i.e.
ð1 sÞcþ ð1þ sÞcPcþ ;cn ðsÞ
ðs tÞ2
ds
¼ d
dt
ð1 sÞcþ ð1þ sÞcPcþ ;cn ðsÞ
ðs tÞ ds
¼ p cotðcþpÞcþð1 tÞcþ1ð1þ tÞcPcþ ;cn ðtÞ
þ p cotðcþpÞð1 tÞcþcð1þ tÞc1Pcþ ;cn ðtÞ
þ p cotðcþpÞð1 tÞcþ ð1þ tÞc
dPcþ ;cn
dt
ðtÞ
þ 2
cþþc1CðcþÞCðnþ c þ 1Þ
Cðnþ cþ þ c þ 1Þ
dF
dt
nþ 1;n cþ  c;1 cþ;
1 t
2
 
¼ Hnfcþ; c; tg ð36Þ
where the derivative of the hypergeometric function could be com-
puted from the hypergeometric function itself according to
dF
dt
ða; b; c; tÞ ¼ ab
c
Fðaþ 1; bþ 1; c þ 1; tÞ ð37Þand the derivative of the nth order Jacobi polynomial is obtained as
dPcþ ;cn
dt
ðtÞ ¼ 1
2
ðnþ cþ þ c þ 1ÞPcþþ1;cþ1n1 ðtÞ ð38Þ
In Eq. (36) Hnfcþ; c; tg is introduced to denote the hypersingu-
lar integral of the weighted Jacobi polynomial of order n. The case
when cþ ¼ 0, or when both cþ and c are zero obviously needs
some special attention, since the above expression cannot be used
right away in those cases. By laterally reversing the coordinate
axis, by letting s ¼ s0 and t ¼ t0, and utilizing the symmetry rela-
tion for Jacobi polynomials, i.e.
Pcþ ;cn ðsÞ ¼ ð1ÞnPc ;cþn ðsÞ ð39Þ
the HPV in Eq. (36) transforms into
ð1 sÞcþ ð1þ sÞcPcþ ;cn ðsÞ
ðs tÞ2
ds ¼ ð1Þn ð1 s
0Þc ð1þ s0ÞcþPc ;cþn ðs0Þ
ðs0  t0Þ2
ds0
ð40Þ
which implies that the HPV when cþ ¼ 0 could be evaluated as
Hnf0; c; tg ¼ ð1ÞnHnfc;0;tg ð41Þ
The case when cþ ¼ c ¼ 0 is treated as Kaya and Erdogan (1987)
P0;0n ðsÞ
ðs tÞ2
ds ¼ 2ðnþ 1Þ
1 t2 ½tQnðtÞ  Qnþ1ðtÞ ¼ Hnf0;0; tg ð42Þ
by virtue of the fact that P0;0n corresponds to the Legendre polyno-
mial of the same order. In the above expression Qn is the Legendre
function of the second kind. Since Pcþ ;c0 ðsÞ ¼ 1 The HPV’s
ð1þ sÞc
ðs tÞ2
ds ¼ H0f0; c; tg ¼ H0fc;0;tg ð43Þ
and ﬁnally
ð1 sÞcþ
ðs tÞ2
ds ¼ H0fcþ;0; tg ð44Þ
where again the H function has been introduced to shorten the
notation in subsequent expressions.
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The regular integrals in Eq. (34) involving the weightening fac-
tor ð1 sÞcþ ð1þ sÞc multiplied by some smooth continuous func-
tion, which is here brieﬂy denoted as wðsÞ, can be computed by
applying the Gauss–Jacobi quadrature rule for integration of func-
tions with that particular weight. The numerical integration could
then be expressed asZ 1
1
ð1 sÞcþ ð1þ sÞcwðsÞds ¼
XM
i¼1
Wcþ ;ci wðs
cþ ;c
i Þ ð45Þpðjþ 1Þ
2l
~rðpÞ2g ðtðpÞk Þ ¼
XN
q¼1;q–p
aq
XNp
n¼0
cðqÞm2;n
XM
i¼1
W ðqÞi P
ðqÞ
n ðsðqÞi ÞLm2ðqÞ2gðpÞ tðpÞk ; sðqÞi
 	
þ
(
BðqÞm2;þ1DðcðqÞþ Þ
1
2c
ðqÞ
XM
i¼1
W0;c
ðqÞ
i L
m2ðqÞ
2gðpÞ t
ðpÞ
k ; s
0;cðqÞ
i
 	
þ BðqÞm2;1DðcðqÞ Þ
1
2c
ðqÞ
þ
XM
i¼1
W
cðqÞþ ;0
i L
m2ðqÞ
2gðpÞ t
ðpÞ
k ; s
cðqÞþ ;0
i
 )
þ
XNp
n¼0
cðpÞg2;n
ap
HnfcðpÞþ ; cðpÞ ; tðpÞk g þ apcðpÞm2;n
XM
i¼1
W ðpÞi P
ðpÞ
n ðsðpÞi ÞLm2ðpÞ2gðpÞ tðpÞk ; sðpÞi
 	( )
þ B
ðpÞ
m2;þ1DðcðpÞþ Þ
2c
ðpÞ
dmg
ap
H0f0; cðpÞ ; tðpÞk g þ ap
XM
i¼1
W0;c
ðpÞ
i
Lm2ðpÞ2gðpÞ t
ðpÞ
k ; s
0;cðpÞ
i
 	( )
þ B
ðpÞ
m2;1DðcðpÞ Þ
2c
ðpÞ
þ
dmg
ap
H0fcðpÞþ ;0; tðpÞk g þ ap
XM
i¼1
W
cðpÞþ ;0
i
Lm2ðpÞ2gðpÞ t
ðpÞ
k ; s
cðpÞþ ;0
i
 ( )
p ¼ 1; . . . ;N; k ¼ 1; . . . ;NðpÞc ; g ¼ 1;2 ð47Þwhere the abscissas scþ ;ci are the M roots to the equation
Pcþ ;cM ðsÞ ¼ 0, and Wcþ ;ci are the associated weights. By letting
c ¼ cþ ¼ 0 this expression also embodies the numerical integra-
tion of unweighted integrals. The numerical integration scheme is
then referred to as Gauss–Legendre quadrature with abscissas s0;0i
and weights W0;0i . The abscissas, and their associated weights, can
be obtained by standard procedures found in any textbook, or web-
site, dealing with orthogonal polynomials.
2.8. Collocation procedure
The unknown coefﬁcients in the dipole density representation
for each crack segment q and each m (m ¼ 1;2) (cf. Eq. (33)) com-
prises cðqÞm2;n (n ¼ 0; . . .Np) and one, or both, of the coefﬁcients BðqÞm2;þ1
and BðqÞm2;1, depending on the value of c
ðqÞ
þ and cðqÞ . By letting N
ðqÞ
u
denote the number of unknown coefﬁcients for each m, and for
each crack segment q ¼ 1; . . .N, the total number of unknown coef-
ﬁcients for each m in Eq. (34) equals Nu ¼
PN
q¼1N
ðqÞ
u . At each branch
or kink there will be two continuity equations for each m, one for
the dipole densities and one for the derivative of the dipole densi-
ties (see Section 2.9). The number of collocation points for each
crack is adapted to render the problem determinate, i.e. so that
the total number of equations equals the number of unknown coef-
ﬁcients. To accomplish this, Np þ 1 collocation points are initially
allocated at each crack segment. If the problem is overdetermined
the number of collocation points is ﬁrst reduced by one on crack
segments not bounded by a crack tip. If the problem is still overde-
termined one collocation point is consecutively removed also from
crack segments bounded by a crack tip, until the problem is deter-
minate. The determinate problem will then adopt at least NðpÞc ¼ Np
or at most NðpÞc ¼ Np þ 1 collocation points for each crack segment,
and the total number of collocation points is Nc ¼
PN
p¼1N
ðpÞ
c . Thecollocation point coordinates are choosen to coincide with the
NðpÞc points along each crack segment where the Chebyshev polyno-
mial of the ﬁrst kind, of order NðpÞc , is zero. The collocation point
coordinates are hence given by
tðpÞk ¼ cos
p
2
2k 1
NðpÞc
 !
; k ¼ 1;2; . . .NðpÞc ð46Þ
Using the numerical integration of the regular integrals as
described in Section 2.7, and the expressions for the hypersingular
integrals in Section 2.6 the integral Eq. (34) could be expressed aswhere the weights, W ðqÞi ¼W
cðqÞþ ;c
ðqÞ
i , and the abscissas, s
ðqÞ
i ¼ s
cðqÞþ ;c
ðqÞ
i ,
are computed for the particular cðqÞþ and cðqÞ pertaining to crack seg-
ment q. Repeatedly applying Eq. (47) at each collocation point, and
for each of the two stress components, results in a linear equation
system in the following form
pðjþ 1Þ
2l
~rð1Þ22 ðt1Þ
..
.
~rð1Þ22 ðtNð1Þc Þ
~rð1Þ21 ðt1Þ
..
.
~rð1Þ21 ðtNð1Þc Þ
..
.
..
.
~rðNÞ22 ðt1Þ
..
.
~rðNÞ22 ðtNðNÞc Þ
~rðNÞ21 ðt1Þ
..
.
~rðNÞ21 ðtNðNÞc Þ
2666666666666666666666666666666666666664
3777777777777777777777777777777777777775
¼
K11 K12 . . . K1;2Nu
K21 K22 . . . K2;2Nu
..
. ..
. . .
. ..
.
K2Nc ;1 K2Nc ;2 . . . K2Nc ;2Nu
266664
377775
fð1Þ2;1
..
.
fð1Þ
2;Nð1Þu
fð1Þ1;1
..
.
fð1Þ
1;Nð1Þu
..
.
..
.
fðNÞ2;1
..
.
fðNÞ
2;NðNÞu
fðNÞ1;1
..
.
fðNÞ
1;NðNÞu
2666666666666666666666666666666666666664
3777777777777777777777777777777777777775
ð48Þ
where the unknown coefﬁcients for each crack segment, and for
each m, are arranged in vectors according to
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fðqÞm;2
..
.
fðqÞ
m;NðqÞu
26666664
37777775 ¼
cðqÞm2;0
cðqÞm2;1
..
.
cðqÞm2;Np
BðqÞm2;þ1DðcðqÞþ Þ
BðqÞm2;1DðcðqÞ Þ
26666666666664
37777777777775
ð49Þ
By virtue of the fact that it is unnecessary to treat Bm2;1 coefﬁ-
cients which are multiplied by zero via the DðcðqÞ Þ function, the
number NðqÞu is at least Np þ 1 and at most Np þ 3. In short notation
Eq. (48) can be expressed as
Sr ¼ KrsCs ð50Þ
For each crack p ¼ 1; . . .N the integral Eq. (47) is applied at all
collocation points tðpÞk ; k ¼ 1; . . .NðpÞc , for each stress component
g ¼ 1;2. The components Krs are computed by integrating along
all cracks q ¼ 1; . . .N the inﬂuence from each coefﬁcient fðqÞm;nu
(nu ¼ 1; . . .NðqÞu ;m ¼ 1;2) on the stress component under consider-
ation. The indices r and s are derived from p; q; g; m; k and nu as
r ¼ 2
Xp
i¼1
NðiÞc  gNðpÞc þ k
s ¼ 2
Xq
i¼1
NðiÞu mNðqÞu þ nu
ð51Þ
The components of the system matrix K depends on whether
q ¼ p or not, and on which coefﬁcient that is considered in relation
to the total number of coefﬁcients for each crack segment. The fol-
lowing expressions for the components apply:
 if nu 6 Np þ 1 thenKrs ¼ aq
XM
i¼1
W ðqÞi P
ðqÞ
n ðsðqÞi ÞLm2ðqÞ2gðpÞ ðtðpÞk ; sðqÞi Þ if q – pKrs ¼ dmgap Hnfc
ðpÞ
þ ; cðpÞ ; t
ðpÞ
k g þ ap
XM
i¼1
W ðpÞi P
ðpÞ
n ðsðpÞi ÞLm2ðpÞ2gðpÞ ðtðpÞk ; sðpÞi Þ
if q ¼ pwhere n ¼ nu  1.
 if nu ¼ Np þ 2 ^ ½fNðqÞu ¼ Np þ 2 ^ DðcðqÞþ Þ ¼ 1g _ NðqÞu ¼ Np þ 3
thenKrs ¼ aq
2c
ðqÞ
XM
i¼1
W0;c
ðqÞ
i L
m2ðqÞ
2gðpÞ ðtðpÞk ; s0;c
ðqÞ
i Þ if q– pKrs ¼ dmg
2c
ðpÞ ap
H0f0; cðpÞ ; tðpÞk g þ
ap
2c
ðqÞ
XM
i¼1
W0;c
ðpÞ
i
Lm2ðpÞ2gðpÞ ðtðpÞk ; s0;c
ðpÞ
i Þ
if q ¼ p
 if fnu ¼ Np þ 2 ^ NðqÞu ¼ Np þ 2 ^ DðcðqÞ Þ ¼ 1g _ nu ¼ Np þ 3 thenKrs ¼ aq
2c
ðqÞ
þ
XM
i¼1
W
cðqÞþ ;0
i L
m2ðqÞ
2gðpÞ ðtðpÞk ; s
cðqÞþ ;0
i Þ if q– pKrs ¼ dmg
2c
ðpÞ
þ ap
H0fcðpÞþ ;0; tðpÞk g þ
ap
2c
ðpÞ
þ
XM
i¼1
W
cðpÞþ ;0
i
Lm2ðpÞ2gðpÞ ðtðpÞk ; s
cðpÞþ ;0
i Þ
if q ¼ pNote that the hypersingular integrals only need to be computed
once for all crack segments possessing the same end point behav-
iours and the same number of collocation points.
2.9. Continuity equations
At crack kinking and/or branching the net opening and sliding
displacements (i.e the dislocation dipole densities) of the adjacent
crack segments should cancel out. By letting s! 1, depending on
whether it is the plus side or the minus side of the crack segment
that is joined to a kink or a branch (subsequently referred to as a
node), this condition could be expressed asX
q2Qi
 aðqÞmkBk2ðqÞðs! 1Þ ¼ 0 ð52Þ
In this equation amk is given by Eq. (11), and Qi denotes the set
of all crack segments joined at node i ¼ 1; . . . ;Nn, where Nn is the
number of nodes in the model. The upper or the lower sign applies
depending on if the plus side, or the minus side, of the particular
crack segment q connects to the node, respectively. Introducing
the expression for the dipole density distribution (Eq. (33)) into
Eq. (52) yields
X
q2Qi
 aðqÞmk WðcðqÞ Þ2c
ðqÞ

XNp
n¼0
cðqÞk2;nP
ðqÞ
n ð1ÞBðqÞk2;1DðcðqÞ Þ þ BðqÞk2;1DðcðqÞ ÞWðcðqÞ Þ
( )
¼ 0
ð53Þ
where WðcÞ behaves such that
WðcÞ ¼ 1 if c ¼ 0
0 if 0:5 < c < 1

ð54Þ
Eq. (53) yields two equations (corresponding to m ¼ 1;2). Tak-
ing the derivative of Eq. (52) ensures compatible rotations of the
crack segment end points at the node. According to Hills et al.
(1996) this condition preserves continuity of the dislocation den-
sity at crack kinking or branching. Viz.X
q2Qi
 aðqÞmk
1
aq
dBk2ðqÞ
ds
ðs! 1Þ ¼ 0 ð55Þ
Invoking the representation for the dipole density distribution
(Eq. (33)) gives
X
q2Qi
1
ð1 js ! 1jÞ1cðqÞ
aðqÞmk
aq
cðqÞ 2
cðqÞ
XNp
n¼0
cðqÞk2;nP
ðqÞ
n ð1Þþ
(
BðqÞk2;1DðcðqÞ Þ
cðqÞ
2c
ðqÞ

" )
þ ðÞa
ðqÞ
mk
aq
WðcðqÞ Þ2c
ðqÞ
 
XNp
n¼0
cðqÞk2;nP
ðqÞ
n ð1Þ þ
XNp
n¼0
cðqÞk2;n
dPðqÞn
ds
ð1Þ
( )
þ a
ðqÞ
mk
aq
BðqÞk2;1DðcðqÞ Þ
cðqÞ
2
#
¼ 0 ð56Þ
where the ﬁrst term obviously turns to inﬁnity whenever there are
any two crack segments meeting at a node so that the material
locally bounded by the crack segments occupies an angle Dh > p.
The exponents capturing the singularity at the node are then equal
(for both crack segments 0:5 < cðqÞ < 1), implying that the strength
of the singular term for such crack segments in Eq. (56) are equal. In
such cases the remaining terms are clearly negigible, and Eq. (56) is
asymptotically satisﬁed if
X
q2Q^ i
aðqÞmk
aq
cðqÞ 2
cðqÞ
XNp
n¼0
cðqÞk2;nP
ðqÞ
n ð1Þ þ BðqÞk2;1DðcðqÞ Þ
cðqÞ
2c
ðqÞ

( )
¼ 0 ð57Þ
where Q^ i is the subset Qi containing crack segments with weakly
singular end point behaviour at node i. The number of crack seg-
ments contained in Q^ i is either zero or two, i.e.
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If jQ^ ij ¼ 0 all crack segment end points behave regularly at the
node, implying that cðqÞ ¼ 0. The singular term of Eq. (56) then van-
ish, and the remaining regular terms must obey the relationshipX
q2Qi
ðÞa
ðqÞ
mk
aq
WðcðqÞ Þ2c
ðqÞ
 
XNp
n¼0
cðqÞk2;nP
ðqÞ
n ð1Þ þ
XNp
n¼0
cðqÞk2;n
dPðqÞn
ds
ð1Þ
( )"
þ a
ðqÞ
mk
aq
BðqÞk2;1DðcðqÞ Þ
cðqÞ
2
#
¼ 0 ð59Þ
2.10. Computation of the dipole density coefﬁcients
As previously stated the number of collocation points is adapted
to render the problem determinate. The linear equation system,
given by the collocation procedure and the continuity constraints,
is solved by gaussian elimination. Once the coefﬁcients of the
dipole density distributions for every crack segment (Eq. (33))
are known, the stress intensity factors and the stress state at any
arbitrary location in the half plane could be evaluated.
2.11. Stress intensity factor evaluation
The inplane stress intensity factors KI and KII are the strengths
of the symmetric and asymmetric parts, respectively, of the singu-
lar part of the stress ﬁeld close to a crack tip. With this notation the
singular part of the stress ﬁeld could be expressed as
rij ¼ KIﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p RðIÞij ð/Þ þ
KIIﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p RðIIÞij ð/Þ ð60Þ
where RðIÞij and R
ðIIÞ
ij essentially corresponds to R
ð1Þ
1;ij and R
ð2Þ
1;ij in Eq.
(24) when Dh ¼ 2p, though somewhat rescaled. The functions
RðIÞij ð/Þ and RðIIÞij ð/Þ are well known and can be found in any textbook
on fracture mechanics. The symmetry properties imply that the
term involving KI corresponds to opening of the crack tip, while
the term involving KII corresponds to sliding. By aid of Hookes gen-
eralized law these stresses can be integrated to obtain the corre-
sponding displacements and, hence, the relative crack surface
opening and sliding displacements as r ! 0. The result isrklðxjÞ ¼ ~rklðxjÞ þ 2lpðjþ 1Þ
XN
q¼1
aq
XNp
n¼0
cðqÞm2;n
XM
i¼1
W ðqÞi P
ðqÞ
n ðsðqÞi ÞLm2ðqÞkl ðxj; sðqÞi Þþ
(
BðqÞm2;þ1DðcðqÞþ Þ
1
2c
ðqÞ
XM
i¼1
W0;c
ðqÞ
i L
m2ðqÞ
kl ðxj; s0;c
ðqÞ
i Þ þ BðqÞm2;1DðcðqÞ Þ
1
2c
ðqÞ
þ
XM
i¼1
W
cðqÞþ ;0
i L
m2ðqÞ
kl ðxj; s
cðqÞþ ;0
i Þ
)
ð66ÞDu2 ¼ jþ 1l KI
ﬃﬃﬃﬃﬃﬃ
r
2p
r
Du1 ¼ jþ 1l KII
ﬃﬃﬃﬃﬃﬃ
r
2p
r
ð61Þ
where Du2 is the opening displacement and Du1 is the sliding dis-
placement. Close to the crack tip the displacements given by Eq.
(61) should asymptotically conform to the dipole density distribu-
tions B22 and B12, respectively. Each end point of a crack segment
which is a sharp crack tip will be associated to a pair of stress inten-
sity factors. For a crack tip located at either the plus side (t ¼ þ1), or
the minus side (t ¼ 1), the stress intensity factors could be derived
as
KðqÞI ðt ¼ 1Þ ¼ limt!1
2l
ðjþ 1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p
2aqð1 tÞ
r
B22ðqÞðtÞ
KðqÞII ðt ¼ 1Þ ¼ limt!1
2l
ðjþ 1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
p
2aqð1 tÞ
r
B12ðqÞðtÞ
ð62Þwhere q refers to the crack segment that accommodates the crack
tip. Introducing the representation for the dipole density distribu-
tions (Eq. (33)) the above expressions transmogrify into
KðqÞI ðt ¼ 1Þﬃﬃﬃﬃﬃﬃﬃﬃpaqp ¼ laqðjþ 1Þ 2cðqÞ þ1=2X
Np
n¼0
cðqÞ22;nP
ðqÞ
n ð1Þ þ BðqÞ22;1DðcðqÞ Þ
( )
KðqÞII ðt ¼ 1Þﬃﬃﬃﬃﬃﬃﬃﬃpaqp ¼ laqðjþ 1Þ 2cðqÞ þ1=2X
Np
n¼0
cðqÞ12;nP
ðqÞ
n ð1Þ þ BðqÞ12;1DðcðqÞ Þ
( )
ð63Þ2.12. Stress analysis at an arbitrary ﬁeld point
Analysing the stress state at an arbitray location in the half-
plane, away from the cracks, could be done by again considering
the superposition principle (Bueckner’s principle, see Section 2).
The stress state in the cracked body is given by the stress state in
the uncracked body ~rkl plus the stresses that results from applying
the equivalent stress state along the crack segments in the cracked
body without any remote loading (see Section 2). The stress state is
hence given by
rklðxjÞ ¼ ~rklðxjÞ þ r^klðxjÞ ð64Þ
where rklðxjÞ is the stress state at the arbitrary location of interrest
and xj is the location expressed in the global coordinate system. The
latter stress state r^klðxjÞ is given by the integrated effect from the
dislocation dipole distributions along each crack segment in the half
plane. Hence, the r^klðxjÞ stress state is essentially derived using Eq.
(13). In that equation the transformation of the inﬂuence functions
relevant for the computation of stresses expressed in the global sys-
tem xj due to dipole densities expressed in the local system x
ðqÞ
j
appears as (with a change of indices)
Lm2ðqÞkl ¼ aðqÞmraðqÞ2s Lrskl ð65Þ
A detailed description of this transformation is given in Appen-
dix A. Inserting Eq. (65), the dipole density distribution and the
scaling into Eq. (13), and ﬁnally employing numerical integration,
yields the expression for the stresses asProvided that the ﬁeld point is not located along a crack seg-
ment it is observed that none of the integrals involved will be sin-
gular. Hence all integrals can be treated by regular integration as
described in Section 2.7.
2.13. Numerical implementation
The method is currently implemented in Matlab. An object ori-
ented technique is adopted to accommodate variables associated
with each crack segment. Variables which potentially may appear
several times in the analysis are evaluated before the main compu-
tation loop, and stored in arrays for subsequent use.
2.14. Example problems
Some example problems are analysed in order to verify the
accuracy of the method, and to assure that the implementation is
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ent DDDT are compared to the stress intensity factors obtained by
aid of the FEM, using the multipurpose FE-code ABAQUS. The
example problems under consideration are.
(a) A single kinked edge crack
(b) Multiple edge and internal cracks
(c) A kinked internal crack
(d) A doubly kinked internal crack
(e) A branched internal crack
(f) A kinked and branched internal crack
(g) A doubly branched internal crack
(h) A branched internal crack with a weak singularity at the
branch
Cases (a) to (d) are shown in Fig. 5, and cases (e) to (h) are
shown in Fig. 6. The single kinked edge crack is analysed for several
different combinations of the kink angle (u ¼ 30 	; 55 	 and 80 	)
and the kink length (a2=a1 = 0.2, 0.1 and 0.05), where a1 was set
to 10 mm. In the second case (b) a1 = 6 mm, a2 = 8 mm,
a1 = 10 mm, l2 = 9 mm, l3 = 7 mm and h2 = 2 mm. In the remaining
cases a1 = 10 mm, a2 = 3 mm and l1 = 5 mm. The loading consists
in all cases of a remotely applied unixal stress ryy1 = 100 MPa in
the global y-direction. The encircled numbers in Figs. 5 and 6 indi-
cate the crack tip number, which is referred to in Tables 1–11.
2.15. FE-analysis
In order to mimic an elastic half plane the cracks were located
close to the vertical free surface of a rectangular region with widthFig. 5. Test caseand height typically 1000 times the typical crack length. The hori-
sontal boundaries were subjected to the uniform tensile stress
ryy1. Each crack tip were modelled with a surrounding focussed
mesh with 32 elements circumferentially and 10 elements radially.
Eight-noded biquadratic elements where used where the crack tip
elements were collapsed to a single node at the crack tip and the
mid sides nodes at the radial element edges where moved to the
so-called quarter point position to emulate the square root singular
behaviour of the stresses. An example of a mesh used is depicted in
Fig. 7, which shows the deformed mesh of case (h). The stress
intensity factors where computed for 10 contours around the crack
tip by aid of the built in domain integration technique in ABAQUS.
Since the variation in the results for the outermost contours were
very small the results presented in Tables 1–11 apply for any con-
tour between the 5th and 10th contour within the given accuracy.
The ﬁnite element procedure was tested by analysing a 120 	 V-
shaped crack in an inﬁnite domain subjected to uniform tension.
The results for the stress intensity factors differed by less than
0.04% compared to the results reported by Burton and Phoenix
(2000), who considered the same case.
3. Results
The mode I and mode II stress intensity factors obtained with
the present variant of the DDDT are denoted by KI and KII , respec-
tively, while the corresponding stress intensity factors obtained
with ABAQUS are denoted KIabq and KIIabq. The unit of the stress
intensity factors is MPa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mm
p
. For each order of the Jacobi polyno-
mial expansion used, up to a maximum Np ¼ 48, the number of
integration points was gradually increased until the maximums (a) to (d).
Table 1
Results for the kinked edge crack, case (a), with a2=a1 ¼ 0:2.
a2=a1 / Np M KI KIabq KII KIIabq dmax
0.2 30 	 600.28 195.51
2 60 605.02 198.53 7:5 
 103
6 120 599.92 195.11 6:3 
 104
20 300 600.22 195.47 9:7 
 105
48 700 600.28 195.51 2:2 
 106
0.2 55 	 425.89 278.03
3 80 421.43 277.79 8:8 
 103
8 160 426.31 277.80 8:2 
 104
48 800 425.94 277.96 1:4 
 104
0.2 80 	 229.45 262.63
4 120 232.44 264.98 8:6 
 103
16 400 230.07 262.42 1:8 
 103
32 700 229.74 262.39 8:4 
 104
48 950 229.64 262.37 7:6 
 104
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intensity factors was less than 1 
 103. In the tables below the ﬁnal
number of integration points used is denoted byM. As a measure of
the difference in the stress intensity factor solutions between the
DDDT and ABAQUS the difference norm
d ¼maxfjKI  KIabqj; jKII  KIIabqjgﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K2Iabq þ K2IIabq
q ð67Þ
was adopted and computed for each crack tip in the model. In situ-
ations involving several crack tips the maximum value of d is
reported as dmax.
The results for the single kinked edge crack (a) are shown in
Tables 1–3. As seen in the tables the difference is limited to a max-
imum of 1% if the polynomial order Np ¼ 6. A difference of less than
0.5% could in all cases be achieved by increasing the polynomial
order to Np ¼ 16, where the largest differences is encountered for
the largest kink angle u ¼ 80 	. It is also observed that the accu-
racy, and the convergence rate with respect to increasing Np, dete-
riorates as the ratio a2=a1 decreases. In case of u ¼ 80 	 with
a2=a1 ¼ 0:1 or a2=a1 ¼ 0:05 not even Np ¼ 48 is enough to scale
down dmax below 0.1%. The logarithm of dmax is plotted against
every Np for all cases of the kinked edge crack considered in Fig. 8.
The results for the elastic half plane crosscut by one edge crack
and two internal cracks (b) are reported in Table 4. It is obvious
that straight cracks are less demanding from a numerical point of
view than kinked (and/or branched) cracks. Very good agreement
is reached already with Np ¼ 6 using relatively few integration
points.
The results for the kinked internal crack (c), the doubly kinked
internal crack (d), the branched crack (e), the kinked and branchedFig. 6. Test caseinternal crack (f), the doubly branched internal crack (g) and the
branched internal crack with a weak singularity at the branch (h)
are reported in Tables 5–10, respectively. Setting Np ¼ 6 assures
in all these cases a difference to ABAQUS of less than 1%, while
Np ¼ 16 gives a difference of less than 0.1%. Thus the analyses of
the kinked and/or branched internal cracks perform somewhat
better than the analyses of the kinked edge cracks. The logarithm
of dmax is plotted against every Np for the cases (b) to (h) in Fig. 9.
In 9 out of 16 cases the difference falls below 0.01% with an
increasingly higher Np. This is a remarkable small difference con-
sidering the fact that the comparison is made against anothers (e) to (h).
Table 2
Results for the kinked edge crack, case (a), with a2=a1 ¼ 0:1.
a2=a1 / Np M KI KIabq KII KIIabq dmax
0.1 30 	 578.74 183.59
3 90 574.18 185.02 7:5 
 103
10 240 578.24 183.21 8:3 
 104
32 700 578.72 183.56 4:2 
 105
0.1 55 	 418.66 264.77
3 100 418.62 266.67 3:8 
 103
6 180 418.83 264.44 6:8 
 104
48 1200 418.75 264.68 1:8 
 104
0.1 80 	 235.67 256.74
4 160 238.28 257.42 7:5 
 103
16 500 236.50 255.94 2:4 
 103
48 1400 235.97 256.19 1:6 
 103
Table 3
Results for the kinked edge crack, case (a), with a2=a1 ¼ 0:05.
a2=a1 / Np M KI KIabq KII KIIabq dmax
0.05 30 	 568.87 174.82
4 160 571.79 179.22 7:4 
 103
16 550 568.29 174.42 9:7 
 104
48 1400 568.82 174.78 7:7 
 105
0.05 55 	 418.70 254.26
5 220 419.40 253.75 1:4 
 103
16 600 418.77 253.57 1:4 
 103
24 850 418.80 253.78 9:7 
 104
48 1600 418.80 254.02 4:9 
 104
0.05 80 	 245.51 250.46
6 280 247.48 249.14 5:6 
 103
16 700 246.77 249.06 4:0 
 103
48 1900 245.96 249.78 2:0 
 103
Table 5
Results for a kinked internal crack, case (c).
Tip ABAQUS results Np 4 5 40
M 90 200 700
1 KIabq 341.93 KI 341.85 341.83 341.96
KIIabq 231.70 KII 231.62 231.68 231.69
2 KIabq 158.98 KI 159.11 159.09 159.00
KIIabq 227.04 KII 228.07 227.07 227.02
dmax 3:7 
 103 3:9 
 104 9:6 
 105
Table 6
Results for a doubly kinked internal crack, case (d).
Tip ABAQUS results Np 4 8 48
M 100 180 900
1 KIabq 219.95 KI 219.48 219.63 219.94
KIIabq 275.41 KII 276.52 275.10 275.39
2 KIabq 235.28 KI 234.90 234.98 235.29
KIIabq 236.15 KII 237.41 235.97 236.12
dmax 3:8 
 103 9:2 
 104 8:0 
 105
Table 7
Results for a branched internal crack, case (e).
Tip ABAQUS results Np 4 10 32
M 80 200 600
1 KIabq 375.62 KI 375.92 375.58 375.63
KIIabq 226.59 KII 226.16 226.64 226.61
2 KIabq 124.44 KI 123.68 124.53 124.45
KIIabq 165.46 KII 165.79 165.29 165.45
3 KIabq 261.81 KI 262.26 261.69 261.81
KIIabq 203.91 KII 203.54 203.89 203.91
dmax 3:7 
 103 8:1 
 104 4:7 
 105
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due to the slow convergence rate in some of the kinked edge crack
cases, the largest difference to ABAQUS for Np ¼ 48 is still 0.2%. In
12 out of 16 cases Np ¼ 16 yields a difference less than 0.1%, with a
maximum difference of 0.4% (for case (a) with u ¼ 80 	 and
a2=a1 ¼ 0:05). Thus, there is generally not much to gain by increas-
ing Np from 6 to 16, or even 48, since the difference in all cases is
limited to 1% by choosing Np ¼ 6.4. Discussion and conclusions
The main objective for the development of the technique is to
enable efﬁcient analysis of fatigue initiation and growth in steel
and other metal alloys. For a single static analysis of a crack, orTable 4
Results for multiple edge and internal cracks, case (b).
Tip ABAQUS results Np
M
1 KIabq 539.06 KI
KIIabq 161.95 KII
2 KIabq 304.19 KI
KIIabq 69.988 KII
3 KIabq 373.04 KI
KIIabq 49.236 KII
4 KIabq 248.40 KI
KIIabq 326.94 KII
5 KIabq 171.94 KI
KIIabq 194.17 KII
dmaxsystem of cracks, the efﬁciency is impaired by the fact that the
evaluation of the hypersingular integrals is rather time consuming
when using Jacobi polynomials to represent the dislocation dipole
distribution. For repeated loading, however, the computation efﬁ-
ciency will improve, since the hypersingular integrals computed
during the ﬁrst loading cycle thenceforth could be reused in all
subsequent loading cycles, provided of course that the end point
singularities do not change as a result of branching or kinking of
a crack segment. For such crack segments the hypersingular inte-
grals needs to be recomputed. The hypersingular integrals must
also be computed for any newly developed crack segments during
the fatigue evolution. For fatigue analysis it is more important to3 4 6
50 60 70
537.81 539.13 539.08
161.78 161.91 161.95
304.97 304.22 304.18
69.058 69.712 69.996
373.11 373.05 373.05
48.852 49.231 49.244
248.09 247.99 248.42
325.64 326.79 326.96
171.39 171.91 171.94
193.94 194.29 194.17
3:2 
 103 9:9 
 104 5:1 
 105
Table 8
Results for a kinked and branched internal crack, case (f).
Tip ABAQUS results Np 4 6 16 48
M 100 140 350 900
1 KIabq 217.41 KI 215.76 218.31 217.48 217.40
KIIabq 287.55 KII 290.40 286.99 287.38 287.54
2 KIabq 197.12 KI 197.43 198.31 197.29 197.17
KIIabq 173.70 KII 171.66 172.32 173.51 173.68
3 KIabq 259.11 KI 258.68 257.94 258.93 259.08
KIIabq 243.33 KII 242.16 243.37 243.34 243.35
dmax 7:9 
 103 5:3 
 103 7:4 
 104 1:8 
 104
Table 9
Results for a doubly branched internal crack, case (g).
Tip ABAQUS results Np 6 16 48
M 140 300 900
1 KIabq 299.50 KI 298.12 299.39 299.49
KIIabq 295.98 KII 295.75 295.98 295.99
2 KIabq 188.99 KI 190.66 189.21 189.01
KIIabq 174.65 KII 175.21 174.71 174.66
3 KIabq 301.70 KI 299.46 301.40 301.68
KIIabq 229.17 KII 227.66 228.98 229.16
4 KIabq 162.30 KI 163.38 162.44 162.31
KIIabq 205.34 KII 204.78 205.27 205.33
dmax 6:5 
 103 8:6 
 104 7:7 
 105
Table 11
Case (f) analysed by treating weakly singular end points as regular.
Tip ABAQUS results Np 6 16 48
M 140 300 900
1 KIabq 217.41 KI 187.31 214.04 217.14
KIIabq 287.55 KII 291.83 287.77 287.55
2 KIabq 197.12 KI 118.77 187.46 196.24
KIIabq 173.70 KII 165.48 170.10 172.81
3 KIabq 259.11 KI 325.00 268.55 260.19
KIIabq 243.33 KII 310.77 254.45 244.88
dmax 0:30 3:7 
 102 4:4 
 103
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needed to represent the dipole density distribution, and to reduce
the number of integration points associated with regular integra-
tion, than to enable fast calculation of the singular integrals.
Test cases involving single or multiple straight, kinked and/or
branched cracks have been analysed to assure that the theory
and implementation works for crack segments with different end
point behaviours. The results indicate that Jacobi polynomial
expansions of order Np ¼ 6 gives an accuracy to within 1% and that
Np ¼ 16 reduces the error to a few tenth of a percent. For the
kinked edge crack it is found that the convergence towards minor
descrepancies, when using higher Np, is slow when the kink angle
is large and the kink length is small (see Fig. 8). This may be due to
that the asymmetric part of the deformation at the kink in this case
is large relative to the symmetric part. Since the singular behav-
iour, as a whole, in this analysis is governed by the symmetric sin-
gularity at the kink, the inﬂuence of the inaccurately represented
asymmetric part may become prominent in these cases, leading
to the need for a very large Np to compensate for this deﬁciency.
Nevertheless, this fact does not seem to affect the efﬁciency of
the method when it comes to compute stress intensity factors
accurate to within 1%. For most engineering, and even scientiﬁc,
purposes an accuracy of 1% should be sufﬁcient considering all
other uncertainties involved in the analysis. Also, The fact thatTable 10
Results for a branched internal crack with a weak singularity at the branch, case (h).
Tip ABAQUS results Np
M
1 KIabq 97.785 KI
KIIabq 274.63 KII
2 KIabq 129.06 KI
KIIabq 272.74 KII
3 KIabq 212.81 KI
KIIabq 11.804 KII
dmaxthe present code operates in 2D brings about a considerably larger
error than 1%, as compared to the 3D reality. 3D analyses of
notched and cracked plates subjected to asymmetric loading
reveals that mode II also generates a coupled out-of-plane singular
mode which varies through the thickness of the plate (cf. Berto
et al., 2011). Such effects, along with other 3D effects, are clearly
not taken into account in a 2D analysis of the problem like the
one considered here.
The number of integration points needed increases with the
order of the Jacobi polynomial expansion used in the analysis.
For Np ¼ 6 the number M ¼ 300 should be sufﬁcient, while
Np ¼ 16 requires many more points, lets say M ¼ 700, based on
the results presented above. In any case there is a substantial size
reduction compared to the FEM. In case (f), for instance, the FEM
model contains 65544 DOF’s, while Np ¼ 6; Np ¼ 16 and Np ¼ 48
contains 60, 140 and 396 unknown coefﬁcients, respectively.
Due to the fact that some analysts, e.g. Denda and Dong (1999),
claim that good results could be obtained by disregarding weak
end point singularities and instead treat them as regular, the
impact of this simpliﬁcation was explored. This means that the sec-
ond and third terms of Eq. (33) are not used, i.e. cþ and c are set to
either 1/2 (for a crack tip end point) or 0 (for all other end points).
By doing so, and again considering case (f), the results according to
Table 11 are obtained.5 16 48
180 500 1400
97.493 97.782 97.776
274.96 274.67 274.63
129.09 129.03 129.06
272.47 272.77 272.75
212.52 212.64 212.81
11.810 11.954 11.821
1:4 
 103 8:2 
 104 7:7 
 105
Fig. 7. Close up of FE-mesh for test case (h) shown in the deformed state.
Fig. 8. logðdmaxÞ versus Np for the kinked edge crack, case (a).
Fig. 9. logðdmaxÞ versus Np for case (b) to case (h).
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pletely useless, and that a Np as high as 48 is required to obtain
results just slightly better than those obtained with Np ¼ 6 when
taking weakly singular end point behaviours into account in the
dipole density representation. Good results could hence be
obtained, albeit at the expense of a vast increase in the numberof unknown coefﬁcients, from 60 to 392, with an accompanying
increase in computation time. The incorporation of end point sin-
gularities in the dipole density representation thus increases the
efﬁciency of the calculation. The only drawback seems to be that
it makes the theoretical outline and implementation more spa-
cious. In cases not possessing any weakly singular end points it
does not matter which version of the method to use. Applying
the simpliﬁed version of the method to e.g. case (g), yields the same
result as in Table 9.
It is believed that the method could be further improved if the
correct singular asymptotic behaviours for the symmetric and
asymmetric parts at crack kinking/branching could be accounted
for in the representation for the dislocation dipole density. This
would presumably improve the convergence rate in cases where
crack kinks/branches are dominated by asymmetric loading. More-
over, it would also enable the determination of stress intensities at
crack kinking/branching. In order to study crack closure contact
constraints has to be enforced that prevents interpenetration of
the crack surfaces. Both these aspects are left for future research.Acknowledgements
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In practice it is convenient to express the transformation rela-
tion in Eq. (16) in a slightly different form. If the inﬂuence coefﬁ-
cients are stored in vectors the relation between the transformed
inﬂuence coefﬁcients and the inﬂuence coefﬁcients expressed in
the global coordinate system becomes
L ¼
L22ðqÞ22ðpÞ
L12ðqÞ22ðpÞ
L22ðqÞ21ðpÞ
L12ðqÞ21ðpÞ
26666664
37777775 ¼ A
L1111
L2211
L1211
L1122
L2222
L1222
L1112
L2212
L1212
26666666666666666664
37777777777777777775
ðA:1Þ
where A is a 4 by 9 transformation matrix given by
A ¼
sin hp sin
2 hq cos2 hq sin
2 hp
 cos hq sin2 hp sin hq cos hq sin2 hp sin hq
 cos hp sin hp sin2 hq  cos hp cos2 hq sin hp
cos hp cos hq sin hp sin hq  cos hp cos hq sin hp sin hq
26666664 . . .
2 cos hq sin2 hp sin hq cos2 hp sin2 hq
sin2 hp cos2 hq  sin2 hq
 	
 cos2 hp cos hq sin hq
2 cos hp cos hq sin hp sin hq cos hp sin hp sin
2 hq
 cos hp sin hp cos2 hq  sin2 hq
 	
 cos hp cos hq sin hp sin hq
. . .
cos2 hp cos2 hq 2 cos2 hp cos hq sin hq
cos2 hp cos hq sin hq cos2 hp cos2 hq  sin2 hq
 	
cos hp cos2 hq sin hp 2 cos hp cos hq sin hp sin hq
cos hp cos hq sin hp sin hq cos hp sin hp cos2 hq  sin2 hq
 	
. . .
 sin 2hp
 
sin2 hq  sin 2hp
 
cos2 hq
sin 2hp
 
cos hq sin hq  sin 2hp
 
cos hq sin hq
cos 2hp
 
sin2 hq cos 2hp
 
cos2 hq
 cos 2hp
 
cos hq sin hq cos 2hp
 
cos hq sin hq
. . .
2 sin 2hp
 
cos hq sin hq
 sin 2hp
 
cos2 hq  sin2 hq
 	
2 cos 2hp
 
cos hq sin hq
cos 2hp
 
cos2 hq  sin2 hq
 	
377777775 ðA:2ÞThe transformation of the inﬂuence coefﬁcients associated with
stress computation at an arbitrary ﬁeld point given by Eq. (65),
could be expressed as
L22ðqÞij
L12ðqÞij
24 35 ¼ B L
11
ij
L22ij
L12ij
2664
3775 ðA:3Þ
where ij ¼ 11;22;12. The transformation matrix B could be derived
as
B ¼ sin
2 hq cos2 hq 2 cos hq sin hq
 cos hq sin hq cos hq sin hq cos2 hq  sin2 hq
" #
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